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ABSTRACT

This paper presents a novel algorithm for independent vector anal-
ysis (IVA) of Gaussian data sets. Following a maximum likelihood
(ML) approach, we show that the cost function to be minimized by
the proposed GML-IVA algorithm reduces to an estimate of the mu-
tual information among the different sets of latent variables. The
proposed method, which can be seen as a new generalization of
canonical correlation analysis (CCA), is based on the sequential so-
lution of different least squares problems obtained from the quadratic
approximation of the non-convex IVA cost function. The conver-
gence and performance of the proposed algorithm are illustrated by
means of several simulation examples, including an application con-
sisting in the joint blind source separation (J-BSS) of three color
images.

Index Terms— Independent vector analysis (IVA), joint blind
source separation (J-BSS), canonical correlation analysis (CCA),
second-order statistics (SOS).

1. INTRODUCTION

In the last years, independent vector analysis (IVA) [1] has gained
increasing attention due to its applications in joint blind source sep-
aration (J-BSS) problems, which, for example, arise in magnetic
resonance imaging (fMRI) [2, 3] or blind deconvolution of speech
signals [1]. The key difference between IVA and independent com-
ponent analysis (ICA) [4] resides in the exploitation of the statisti-
cal dependencies among the available data sets. In other words, al-
though the IVA model for one data set is identical to the ICA model,
the different data sets are jointly processed by IVA, and therefore
we can expect much more accurate results than those obtained by
individually applying ICA techniques to each data set.

Although a general IVA algorithm could be based on all the sta-
tistical information provided by the observations, it has been recently
proved that the IVA problem can be solved by exclusively exploit-
ing the second-order statistics (SOS) of the data [2, 5], which allows
us to obtain simple algorithms avoiding the lack of robustness as-
sociated to techniques based on estimates of the higher-order statis-
tics (HOS). Thus, in this paper we focus on the fundamental case
of Gaussian data, and present the maximum likelihood (ML) ap-
proach to the IVA problem. In particular, it is shown that the cost
function to be minimized can be seen as an estimate of the mutual
information among the sets of latent variables. In order to solve this
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non-convex problem, we propose an iterative algorithm based on the
minimization of quadratic approximations of the cost function. In
this way, the proposed GML-IVA algorithm amounts to the sequen-
tial solution of different least squares (LS) problems. Moreover, the
proposed method can be seen as a new generalization of canonical
correlation analysis (CCA) [6] for several data sets [2, 3, 7–9], and
it also exhibits interesting connections with some approximate joint-
diagonalization algorithms [10–12]. Finally, the convergence and
performance of the GML-IVA algorithm are evaluated by means of
simulations, and its practical utility is illustrated by an example con-
sisting in the joint blind separation of three color images.

2. NOTATION AND DATA MODEL

In this paper we use bold-faced upper case letters to denote matrices,
and bold-faced lower case letters for column vectors. Superscripts
(·)T and (·)H denote transpose and Hermitian, respectively. The no-
tation C ∈ Cn×m (or C ∈ Rn×m) means that C is an n×mmatrix
with complex (or real) entries. The trace, determinant, and Frobenius
norm of a matrix C are denoted as Tr(C), det(C) and ‖C‖, respec-
tively. In denotes the identity matrix of dimension n, and 0n×m is
the n×m zero matrix. The Kronecker and Hadamard (element-wise)
products are denoted by ⊗ and �, respectively. The diagonal matrix
with vector c along its diagonal is denoted by diag(c), blkdiagK(C)
is the block-diagonal version (with K × K blocks) of matrix C,
and offdiagK(C) = C− blkdiagK(C). Moreover, given a K ×K
matrix C =

[
c1 · · · cK

]
we define the operator diagvec(C) as

diagvec(C) =

 diag(c1)
...

diag(cK)

 .
Finally, E is the expectation operator, and in general Ra,b is the
cross-covariance matrix for random vectors a and b, i.e., Ra,b =
EabH .

2.1. IVA Data Model

Let us consider K data sets1 x[k] ∈ CN×1 and the signal model

x[k] = A[k]s[k], k = 1, . . . ,K, (1)

where A[k] ∈ CN×N are the unknown non-singular mixing ma-
trices and s[k] ∈ CN×1 are the unknown latent variables. Eq.

1We consider data sets of the same dimensionality for notational simplic-
ity. The extension of the results to data sets with different dimensions is
straightforward.



(1) can be written in compact form as x = As, with x =[
x[1]T , . . . ,x[K]T

]T
, s =

[
s[1]

T

, . . . , s[K]T
]T

, and

A =


A[1] 0N×N . . . 0N×N

0N×N A[2]
. . .

...
...

. . .
. . . 0N×N

0N×N . . . 0N×N A[K]

 .

Alternatively, introducing a permutation in the elements of x and s
we obtain

x̃ = Ãs̃,

where x̃, s̃ ∈ CKN×1 are defined as

x̃ = Px =

 x̃1

...
x̃N

 , s̃ = Ps =

 s̃1
...

s̃N

 ,
and P ∈ RKN×KN is a permutation matrix. Furthermore, the vec-
tors x̃n and s̃n are given by

x̃n =


x
[1]
n

...
x
[K]
n

 , s̃n =


s
[1]
n

...
s
[K]
n

 ,
where x[k]n (respectively s[k]n ) is the nth element in x[k] (resp. s[k]).
Finally, the reordered extended mixing matrix is

Ã = PAPT =

Ã1,1 . . . Ã1,N

...
. . .

...
ÃN,1 . . . ÃN,N

 ,
where Ãn,m = diag (ãn,m), the vector ãn,m ∈ CN×1 is defined as

ãn,m =
[
a
[1]
n,m, . . . , a

[K]
n,m

]T
, and a[k]n,m denotes the element in the

nth row and mth column of A[k].

3. PROBLEM FORMULATION

In this section, we formulate the IVA problem under the assumption
of zero-mean complex and jointly-proper Gaussian sources.2 In par-
ticular, we consider the maximum-likelihood (ML) estimation of the
mixing matrix Ã and the covariance matrix of the latent variables
Rs̃,s̃. The key point for the solution of the IVA problem resides in
the independence among the different sets of latent variables, that
is, we know that3 Rs̃n,s̃m = 0K×K for n 6= m. In other words,
Rs̃,s̃ is a block-diagonal matrix with blocks of size K ×K. Finally,
we must mention that the identifiability conditions for the solution
of the IVA problem from the SOS of the observations were analyzed
in [5], whose principal result is summarized in the following lemma:

Lemma 1 (J-BSS Identifiability Conditions [5]) Given the data
model in eq. (1), the sources and non-singular mixing matrices A[k]

can be recovered from the SOS of the observations x up to the trivial
ambiguities (independent scale factors and a common permutation

2The results can be trivially extended to the case of real Gaussian vectors.
3Obviously, this is equivalent to the assumption of diagonal cross-

covariance matrices Rs[k],s[l] .

of the latent variables), and a non-trivial common mixture among
the equivalently distributed sets of latent variables, i.e., the sets of
latent variables s̃n, s̃m such that

Rs̃n,s̃n = ΛRs̃m,s̃mΛH ,

where Λ ∈ CK×K is a (non-singular) diagonal matrix.

3.1. Log-Likelihood Function

Under the assumption of zero-mean complex proper Gaussian data,
the probability density function of the observations is

p(x̃) =
1

πKN det (Rx̃,x̃)
exp

(
−x̃HR−1

x̃,x̃x̃
)
.

Thus, given T independent observations x̃[t] (t = 0, . . . , T−1), and
after taking the logarithm, removing constant terms, and dividing by
T , we obtain the log-likelihood function

L = − log det (Rx̃,x̃)− Tr
(
R−1

x̃,x̃R̂x̃,x̃

)
,

where

R̂x̃,x̃ =
1

T

T−1∑
t=0

x̃[t]x̃H [t],

is the sample covariance matrix.

3.2. ML Estimation Problem

Noting that Rx̃,x̃ = ÃRs̃,s̃Ã
H , and adding the constant term

log det
(
R̂x̃,x̃

)
to the log-likelihood, it is easy to see that the ML

estimates of Ã and Rs̃,s̃ are obtained as the solutions of

minimize
Ã∈BK ,Rs̃,s̃∈DK

Rx̃,x̃=ÃRs̃,s̃Ã
H

D
(
R̂x̃,x̃‖Rx̃,x̃

)
,

where BK denotes the set of matrices with diagonal blocks of size
K ×K, DK is the set of semi-definite positive block-diagonal ma-
trices with blocks of size K × K, and D

(
R̂x̃,x̃‖Rx̃,x̃

)
denotes

the Kullback-Leibler divergence between two zero-mean complex
Gaussian distributions with covariance matrices R̂x̃,x̃ and Rx̃,x̃, i.e.,

D
(
R̂x̃,x̃‖Rx̃,x̃

)
= Tr

(
R−1

x̃,x̃R̂x̃,x̃

)
−log det

(
R−1

x̃,x̃R̂x̃,x̃

)
−KN.

Moreover, defining the separation matrix W̃ = Ã−1, our estimation
problem can be written as

minimize
W̃∈BK ,Rs̃,s̃∈DK

R̂s̃,s̃=W̃R̂x̃,x̃W̃H

D
(
R̂s̃,s̃‖Rs̃,s̃

)
, (2)

where R̂s̃,s̃ = W̃R̂x̃,x̃W̃H can be seen as the sample covariance
estimate for the recovered latent variables.



3.3. Solution with respect to Rs̃,s̃

Let us start by writing the optimization problem in (2) as

minimize
W̃∈BK

R̂s̃,s̃=W̃R̂x̃,x̃W̃H

minimum
Rs̃,s̃∈DK

D
(
R̂s̃,s̃‖Rs̃,s̃

)
.

Now, it is easy to prove that the solution with respect to Rs̃,s̃ is
directly given by

Rs̃,s̃ = D̂s̃,s̃ = blkdiagK
(
R̂s̃,s̃

)
,

which reduces our estimation problem to

minimize
W̃∈BK

R̂s̃,s̃=W̃R̂x̃,x̃W̃H

− log det
(
Φ̂s̃,s̃

)
, (3)

where Φ̂s̃,s̃ = D̂
−1/2
s̃,s̃ R̂s̃,s̃D̂

−1/2
s̃,s̃ is defined as the coherence matrix

associated to the recovered latent variables s̃n[t], (n = 1, . . . , N ,

t = 0, . . . , T − 1). Interestingly, − log det
(
Φ̂s̃,s̃

)
can be seen as

a measure of the mutual information among the sets of latent vari-
ables [4, 13]. Therefore, as expected, the IVA criterion reduces to
minimizing the mutual information among the recovered sources.

4. GAUSSIAN ML IVA ALGORITHM

In this section, we present the GML-IVA algorithm, which amounts
to solving the convex optimization problems obtained from quadratic
approximations of the non-convex cost function in (3). In particular,
in each iteration of the GML-IVA algorithm, the separation matrices
are updated as

W̃←
(
IKN + ∆̃

)
W̃,

where ∆̃ ∈ BK is a sufficiently small matrix in order to ensure the
invertibility of W̃.

4.1. Approximation of the cost function

Taking into account the structure of the updating rules, the cost func-
tion J = − log det

(
Φ̂s̃,s̃

)
can be written as

J =− log det
[(

IKN + ∆̃
)

R̂s̃,s̃

(
IKN + ∆̃H

)]
+ log det

[
blkdiagK

((
IKN + ∆̃

)
R̂s̃,s̃

(
IKN + ∆̃H

))]
=− log det

[
R̂s̃,s̃ + Ψ∆̃

]
+ log det

[
blkdiagK

(
R̂s̃,s̃ + Ψ∆̃

)]
,

where Ψ∆̃ = ∆̃R̂s̃,s̃ + R̂s̃,s̃∆̃
H + ∆̃R̂s̃,s̃∆̃

H , and R̂s̃,s̃ refers
to the value of W̃R̂x̃,x̃W̃H in the previous iteration. Now, left and
right multiplying by D̂

−1/2
s̃,s̃ we can write

J = − log det
[
Φ̂s̃,s̃ + ΨΘ̃

]
+ log det [IKN + blkdiagK (ΨΘ̃)] ,

with Θ̃ = D̂
−1/2
s̃,s̃ ∆̃D̂

1/2
s̃,s̃ and

ΨΘ̃ = Θ̃Φ̂s̃,s̃ + Φ̂s̃,s̃Θ̃
H + Θ̃Φ̂s̃,s̃Θ̃

H .

In the next step we use the second order Taylor approximation, for
small Π

log det (I + Π) ' Tr (Π)− 1

2
‖Π‖2 ,

which allows us to write

J ' 1

2

∥∥∥Φ̂s̃,s̃ − IKN + ΨΘ̃

∥∥∥2 − 1

2
‖blkdiagK (ΨΘ̃)‖2 ,

or equivalently

J ' 1

2

∥∥∥offdiagK
(
Φ̂s̃,s̃ + ΨΘ̃

)∥∥∥2 .
Now, taking into account that ‖∆̃‖ � 1 implies ‖Θ̃‖ � 1, we

can write ΨΘ̃ ' Θ̃Φ̂s̃,s̃ + Φ̂s̃,s̃Θ̃
H , and approximate J as

J ' 1

2

∥∥∥offdiagK
(
Φ̂s̃,s̃ + Θ̃Φ̂s̃,s̃ + Φ̂s̃,s̃Θ̃

H
)∥∥∥2 .

Moreover, writing Φ̂s̃,s̃ = IKN + offdiagK
(
Φ̂s̃,s̃

)
and assuming

that
∥∥∥offdiagK

(
Φ̂s̃,s̃

)∥∥∥2 � 1 (i.e. we are close to a solution of the
IVA problem), we obtain

J ' 1

2

∥∥∥offdiagK
(
Φ̂s̃,s̃ + Θ̃ + Θ̃H

)∥∥∥2 ,
which can be finally rewritten as

J '
N∑
n=1

N∑
m=n+1

∥∥∥Φ̂s̃n,s̃m + Θ̃n,m + Θ̃H
n,m

∥∥∥2 , (4)

with

Φ̂s̃n,s̃m = R̂
−1/2
s̃n,s̃n

R̂s̃n,s̃mR̂
−1/2
s̃m,s̃m

,

Θ̃n,m = R̂
−1/2
s̃n,s̃n

∆̃n,mR̂
1/2
s̃m,s̃m

,

and where R̂s̃n,s̃m can be seen as the sample covariance estimator
of Rs̃n,s̃m , and ∆̃n,m = diag

(
δ̃n,m

)
denotes the (n,m)thK×K

block of ∆̃.

4.2. GML-IVA Algorithm

Interestingly, the approximation of the cost function in (4) has the
two following nice properties. Firstly, it is a quadratic cost function,
whose solution (with respect to ∆̃) can be obtained in closed-form.
Secondly, the original non-convex optimization problem, with opti-
mization variable ∆̃, has been decomposed intoN(N−1)/2 smaller
convex problems, with optimization variables δ̃n,m and δ̃m,n. Thus,
in each step of the algorithm we have to solve the least squares prob-
lem

minimize
δ̃n,m,δ̃m,n

∥∥∥Φ̂s̃n,s̃m + Θ̃n,m + Θ̃H
n,m

∥∥∥2 ,
or, taking the column-wise vectorized version of the matrices in the
previous problem

minimize
δ̃n,m,δ̃m,n

∥∥∥∥φn,m +
[
Fn,m Gn,m

] [δ̃n,m
δ̃∗m,n

]∥∥∥∥2 , (5)

where

φn,m =
(
IK ⊗ R̂

−1/2
s̃n,s̃n

)
vec
(
R̂s̃n,s̃mR̂

−1/2
s̃m,s̃m

)
, (6)

Fn,m =
(
IK ⊗ R̂

−1/2
s̃n,s̃n

)
diagvec

(
R̂

1/2
s̃m,s̃m

)
, (7)

Gn,m =
(
IK ⊗ R̂

1/2
s̃n,s̃n

)
diagvec

(
R̂
−1/2
s̃m,s̃m

)
. (8)



Algorithm 1 Gaussian Maximum Likelihood Independent Vector
Analysis (GML-IVA) Algorithm

Input: Sample covariance matrix R̂x̃,x̃ and threshold µ.
Output: Separation matrix W̃ and estimated residual cross-
covariance R̂s̃,s̃.
Initialize: W̃ = IKN , R̂s̃,s̃ = R̂x̃,x̃.
repeat

Obtain R̂
1/2
s̃n,s̃n

, R̂
−1/2
s̃n,s̃n

and R̂−1
s̃n,s̃n

for n = 1, . . . , N .
for n = 1, . . . , N and m = n+ 1, . . . , N do

Obtain δ̃n,m and δ̃m,n from (9).
end for
Obtain ∆̃ from δ̃n,m (n,m = 1, . . . , N ).
if
∥∥∥∆̃∥∥∥ > µ. then

Normalize ∆̃ = µ

‖∆̃‖∆̃.

end if
Update W̃←

(
IKN + ∆̃

)
W̃.

Update R̂s̃,s̃ ←
(
IKN + ∆̃

)
R̂s̃,s̃

(
IKN + ∆̃

)H
.

until Convergence

With these definitions, it is clear that the solution of the LS problem
in (5) is given by[

δ̃n,m
δ̃∗m,n

]
= −

[
FHn,mFn,m FHn,mGn,m

GH
n,mFn,m GH

n,mGn,m

]−1 [
FHn,mφn,m
GH
n,mφn,m

]
.

Furthermore, taking into account the expressions in (6)-(8), the
above equation can be rewritten as[

δ̃n,m
δ̃∗m,n

]
= −U−1V12K×1, (9)

where

U =

[
R̂T

s̃m,s̃m � R̂−1
s̃n,s̃n

IK

IK R̂−Ts̃m,s̃m
� R̂s̃n,s̃n

]
,

V =

R̂
T/2
s̃m,s̃m

�
(
R̂−1

s̃n,s̃n
R̂s̃n,s̃mR̂

−1/2
s̃m,s̃m

)
R̂
−T/2
s̃m,s̃m

�
(
R̂s̃n,s̃mR̂

−1/2
s̃m,s̃m

)  ,
and 12K×1 is the vector of ones of length 2K. Finally, the overall
GML-IVA algorithm, which includes a normalization step to ensure
the invertibility of W̃, is summarized in Algorithm 1.

4.3. Further Discussion

As we have seen, the GML-IVA algorithm amounts to minimizing
the mutual information measure − log det

(
Φ̂s̃,s̃

)
, i.e., it tries to

block-diagonalize the matrix R̂s̃,s̃. Equivalently, in terms of the
sample (cross)-covariance matrices R̂x[k],x[l] , the IVA problem can
be seen as the problem of jointly-diagonalizing these K(K − 1)/2
matrices. Therefore, the proposed algorithm has some interesting
connections with traditional joint-diagonalization techniques [10–
12]. However, we must note that the IVA problem also has impor-
tant particularities. For instance, IVA looks forK (and not only one)
diagonalization matrices (the inverses of A[k]), and it involves non-
Hermitian sample cross-covariance matrices. In conclusion, conven-
tional joint-diagonalization approaches can not be applied to the IVA
problem.
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Fig. 1. Convergence of the proposed GML-IVA algorithm with 200
random initializations. K = 5 data sets of dimension N = 5. a)
T = 100 vector observations. b) T = 1000 vector observations.

Interestingly, the IVA problem for Gaussian data is closely re-
lated to canonical correlation analysis (CCA) [6] and its generaliza-
tion to several data sets [2, 3, 7–9]. In particular, the proposed algo-
rithm reduces to conventional CCA in the case of K = 2 data sets,
and in this case a closed-form solution can be easily obtained. How-
ever, for K > 2, the proposed method differs from the deflationary
CCA generalizations proposed in [7,8], and therefore, it can be seen
as a new generalization of CCA.

Regarding the computational complexity of the proposed algo-
rithm, the cost is dominated by the solution of (9), which is of order
O
(
K3
)
. Since we have to solve N(N − 1)/2 instances of this

problem in each iteration, the computational cost of the GML-IVA
is O

(
N2K3

)
per iteration. Of course, the overall cost will de-

pend on the number of iterations needed to achieve convergence,
which depends on factors such as the accuracy of the assumption
‖offdiagK

(
Φ̂s̃,s̃

)
‖2 � 1. This implies that the convergence of the

proposed algorithm will be slower at the beginning, although this
problem could be partially avoided with a proper initialization ap-
proach [2].

5. EXPERIMENTAL RESULTS

In this section, the performance of the proposed algorithm is evalu-
ated by means of some simulation examples. In all the experiments,
the mixing matrices have been randomly generated with i.i.d. Gaus-
sian entries of zero mean and unit variance. In the first set of simu-
lations, the SOS (Rs̃n,s̃n ) of the Gaussian latent variables have been
generated as complex Wishart matrices with K degrees of freedom.
The convergence of the proposed algorithm, for one realization of
Rs̃n,s̃n , and for K = 5 data sets of dimension N = 5, is illustrated
in Fig. 1. The figure shows the evolution of the cost function for 200
different initializations and, as can be seen, the algorithm always
converges to the same solution or, to be more specific, to solutions
with the same value of the cost function. Additionally, Fig. 2 shows
the cumulative density function of the number of iterations until con-
vergence when the matrices Rs̃n,s̃n are randomly generated. As can
be seen, the probability of convergence in less than 100 iterations is
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Fig. 2. Cumulative Distribution Function of the number of iterations
until convergence. K = 5 data sets of dimension N = 5 and differ-
ent numbers (T ) of vector observations. In this example, the SOS of
the latent variables are randomly generated.

around 95% and, as we could expect, the convergence speed slightly
increases with the number of observations T .

The second experiment illustrates the performance of the GML-
IVA algorithm for N = 5 and different numbers of data sets (K). In
particular, we evaluate the evolution of the averaged residual mixture
measure, which is defined as

M =
1

KN(N − 1)

K∑
k=1

N∑
n=1

N∑
m=n+1

∣∣∣E[k](n,m)
∣∣∣2

|E[k](n, n)| |E[k](m,m)|
,

where Ek(n,m) denotes the (n,m)th entry of the residual mixture
matrix

E[k] = Ŵ[k]A[k], k = 1, . . . ,K,

and A[k], Ŵ[k] denote the mixing matrix and the estimated sepa-
ration matrix for the kth data set. The results have been obtained
by averaging 1000 independent experiments with the same SOS and
different realizations of the latent variables and mixing matrices, and
they are shown in Fig. 3. As can be seen, the separation performance
improves when the number of data sets increases. Therefore, we can
conclude that the proposed algorithm correctly exploits the correla-
tions among different data sets.

In the final experiment, the proposed technique has been applied
to the blind separation of three color images. In particular, we have
obtained independent instantaneous mixtures of the red (R), green
(G) and blue (B) channels of N = 3 source images, which consti-
tute the K = 3 data sets for the GML-IVA algorithm. The signals
have been preprocessed by removing the mean, and the postprocess-
ing stage restores the mean and solves the arbitrary scale factors by
normalizing the range of values of the three (RGB) channels. The
results are shown in Fig. 4, where it can be seen that the proposed
algorithm satisfactorily recovers the original images. Moreover, we
must note that this example illustrates the good performance of the
proposed method in a case with non-Gaussian sources.
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Fig. 3. Performance of the proposed GML-IVA algorithm forN = 5
and different numbers of data sets.

6. CONCLUSIONS

We have presented a maximum-likelihood (ML) approach to the in-
dependent vector analysis (IVA) of Gaussian data sets. The proposed
method, which is exclusively based on the second-order statistics
(SOS) of the observations, amounts to minimizing an estimate of
the mutual information among the sets of latent variables. In par-
ticular, the GML-IVA algorithm solves different least squares (LS)
problems obtained from quadratic approximations of the non-convex
cost function. The convergence and performance of the proposed
technique have been illustrated by means of different numerical ex-
amples, which corroborate that the GML-IVA algorithm is a good
candidate for practical IVA problems when the sources are expected
to obey the SOS identifiability conditions.
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