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ABSTRACT

In this paper a new subspace method for blind estima-
tion of frequency-selective channels is proposed. Specifi-
cally, we consider the case of broadband space-time block
coded (STBC) transmissions such as STBC-OFDM, space-
frequency block coding (SFBC), or time-reversal STBC. The
proposed technique is able to exactly recover the channel
within a limited number of data blocks, and its computa-
tional complexity is linear in the number of subcarriers or
data-block size. Furthermore, it is independent of the spe-
cific signal constellation, and therefore it can also be applied
when the sources have been precoded to exploit the mul-
tipath diversity. Finally, the performance of the proposed
method is evaluated by means of some numerical examples.

1. INTRODUCTION

In the last ten years, several families of space-time block
codes (STBCs) have been proposed to exploit the spatial di-
versity in multiple-input multiple-output (MIMO) systems.
A common assumption for most of the STBCs is that per-
fect channel state information is available at the receiver,
which has motivated an increasing interest in blind channel
estimation algorithms [1–3]. The main advantage of blind
techniques resides in their ability to avoid the penalty in
bandwidth efficiency or signal to noise ratio (SNR) asso-
ciated, respectively, to training based approaches or differ-
ential techniques [4].

Although the literature on blind and semiblind chan-
nel estimation under STBC transmissions is abundant [1–3],
only a few works have considered the general problem of
frequency selective channels. In particular, the techniques
in [5,6] are based on the application of standard blind chan-
nel estimation or equalization approaches, whereas in [7,8]
the authors apply the subspace method to the whole data
block. Unfortunately, all these schemes require a relatively

This work was supported by the Spanish Government (MEC) under
project TEC2007-68020-C04-02.

large number of data blocks at the receiver side, which trans-
lates into strong conditions in the temporal coherence of the
MIMO channel. Recently, the problem of blind channel es-
timation within a reduced number of available blocks at the
receiver has been addressed in [9, 10]. On one hand, the
technique proposed in [9] considers the particular case of
BPSK or QPSK constellations, which precludes its appli-
cation for other constellations or linearly precoded sources.
On the other hand, the computational cost of the method
in [10], which is based on convex optimization, remains rel-
atively high.

In this paper we propose a technique for the blind esti-
mation of frequency-selective channels under STBC trans-
missions, which is able to recover the channel, within a re-
duced number of data blocks, in systems such as STBC-
OFDM, space-frequency block coding (SFBC), and time-
reversal STBC. In particular, the proposed technique re-
duces to the extraction of the principal eigenvector of a gen-
eralized eigenvalue problem (GEV) and, unlike previous ap-
proaches [7, 8], its computational cost is linear in the data
block size (or number of subcarriers). Furthermore, the al-
gorithm is solely based on the second-order statistics (SOS)
of the observations and therefore it is independent of the
specific signal constellation, which permits its direct appli-
cation when the sources have been precoded in order to ex-
ploit the multipath diversity.

2. DATA MODEL

Throughout this paper we will use bold-faced upper case
letters to denote matrices, bold-faced lower case letters for
column vectors, and light-faced lower case letters for scalar
quantities. Superscript̂(·) will denote estimated matrices,
vectors or scalars, the identity matrix of dimensionp will be
denoted asIp, and0 will denote the zero matrix of the re-
quired dimensions. The superscripts(·)T , (·)H and(·)∗ de-
note transpose, Hermitian and complex conjugate, respec-
tively. The real and imaginary parts of a matrixA are de-
noted asℜ(A) andℑ(A). The trace and Frobenius norm
will be denoted as Tr(A) and‖A‖, respectively. Finally,
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vec(A) will denote the column-wise vectorized version of
A, and⊗ will denote the Kronecker product.

2.1. Review of Broadband STBC Systems

Let us consider a multicarrier system withNc subcarriers.
AssumingnT transmit andnR receive antennas, the fre-
quency selective channel is divided intoNc orthogonal flat-
fading MIMO channelsHi ∈ CnT ×nR (i = 1, . . . , Nc),
which we assume are encoded with a linear space-time block
code (STBC) transmittingM symbols duringL uses of each
flat-fading MIMO channelHi. The transmission rate is de-
fined asR = M/L, and the number of real symbols trans-
mitted in each STBC block isM ′ = 2M (or M ′ = M in
the particular case of real STBCs).

For a STBC, then-th block of data can be expressed as

S(si[n]) =

M ′

∑

k=1

Cksi,k[n], i = 1, . . . , Nc,

wheresi[n] = [si,1[n], . . . , si,M ′ [n]]T contains theM ′ real
information symbols transmitted through thei-th channel in
then-th data block, andCk ∈ CL×nT , k = 1, . . . , M ′, are
the code matrices.

The complex signal at thenR receive antennas is

Yi[n] =

M ′

∑

k=1

Wk(Hi)si,k[n] + Ni[n], i = 1, . . . , Nc,

(1)
whereNi[n] ∈ CL×nR represents the white complex noise
with varianceσ2, andWk(Hi) = CkHi, for k = 1, . . . , M ′.

Defining nowyi[n] = vec(Yi[n]), eq. (1) can be rewrit-
ten as

yi[n] = W(hi)si[n] + ni[n], i = 1, . . . , Nc,

wherehi = vec(Hi), ni[n] = vec(Ni[n]), andW(hi) can
be seen as thei-th complex equivalent channel, whosek-th
column is given by vec(Wk(Hi)) = Dkhi, with Dk =
InR

⊗ Ck, k = 1, . . . , M ′. Finally, in order to exploit the
improperty of the sources we will use the real data model

ỹi[n] = W̃(h̃i)si[n] + ñi[n], i = 1, . . . , Nc,

whereW̃(h̃i) =
[
ℜ

(
WT (hi)

)
ℑ

(
WT (hi)

)]T
is thei-th

real equivalent channel

W̃(h̃i)
︸ ︷︷ ︸

2LnR×M ′

=
[

D̃1h̃i D̃2h̃i · · · D̃M ′ h̃i

]
, (2)

and we have defined the extended code matrices

D̃k =

[
ℜ(Dk) −ℑ(Dk)
ℑ(Dk) ℜ(Dk)

]

︸ ︷︷ ︸

2LnR×2nT nR

,

and the real vectors̃yi[n] =
[
ℜ(yT

i [n]),ℑ(yT
i [n])

]T
, ñi[n] =

[
ℜ(nT

i [n]),ℑ(nT
i [n])

]T
andh̃i =

[
ℜ(hT

i ),ℑ(hT
i )

]T
.

2.2. Channel Model

As previously pointed out, theNc orthogonal flat-fading
channels are given by the frequency response of the over-
all MIMO system. Thus, assuming a frequency selective
channel of finite lengthLc we can write






H1

...
HNc






︸ ︷︷ ︸

H

= (F⊗ InT
)

︸ ︷︷ ︸

F






Θ1

...
ΘLc






︸ ︷︷ ︸

Θ

, (3)

whereΘ ∈ CLcnT ×nR represents the impulse response of
the MIMO channel andF ∈ C

Nc×Lc is an orthogonal basis
given by the firstLc columns of the following matrix

G =
[

f(δ) f( 1
Nc

+ δ) · · · f(Nc−1
Nc

+ δ)
]H

,

wheref(ω) is the Fourier vector of lengthNc at normalized
frequencyω and0 ≤ δ < 1/Nc is a frequency offset in the
Fourier grid.

Based on the above definitions, it is easy to prove that
the data model presented in this section can be particular-
ized to the well-known cases of STBC-OFDM transmis-
sions, where each STBC-OFDM block is composed ofL
OFDM symbols; space-frequency block coding (SFBC) ,
based on only one OFDM symbol; and even to the case of
time-reversal STBC systems, whereδ = 1/(2Nc) and the
sourcessi[n] can be seen as a linearly precoded (with matrix
G) version of the information symbols.

3. PROPOSED BLIND CHANNEL ESTIMATION
TECHNIQUE

Recently, several efforts have been made in order to blindly
recover the channel, or the source, under STBC transmis-
sions. The proposed techniques include algorithms specifi-
cally designed for flat-fading MIMO channels [1–3], adap-
tation of standard blind approaches [5,6], and applicationof
the subspace method [7,8]. However, these techniques usu-
ally require a relatively large number of data blocks (N ≥
NcM

′), which introduces a strong constraint in the temporal
coherence of the channel. On the other hand, the methods
proposed in [9, 10] are able to blindly recover the channel
in OSTBC-OFDM systems within a few received blocks,
but their computational complexity remains relatively high.
Furthermore, the technique in [10] is very sensitive to errors
in the previous estimate of the channel energiesHi, and the
algorithm in [9] is based on the finite alphabet property of
the sourcessi[n], which precludes its application when the
information symbols are precoded to exploit the multipath
diversity.
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In this section we propose a new blind channel estima-
tion technique, which is independent of the specific sig-
nal constellation and is able to blindly recover the chan-
nel within a few data blocks. The proposed method re-
duces to the extraction of the main eigenvector of a gener-
alized eigenvalue problem (GEV) and, unlike previous ap-
proaches, its computational complexity is linear in the num-
ber of subcarriersNc.

3.1. Preliminaries

Let us consider a Gaussian distribution for the noise and a
set ofN data blocks at the receiver side. The unconstrained
maximum likelihood (UML) estimator of the channel and
information symbols can be formulated as

{

Θ̂UML , ŝUML
i [n]

}

=

= argmin
Θ,si[n]

Nc∑

i=1

N−1∑

n=0

∥
∥
∥ỹi[n] − W̃(h̃i)si[n]

∥
∥
∥

2

.

Thus, under the mild assumption1 of full-column rank equiv-
alent channels̃W(h̃i), and after solving forsi[n], the above
criterion can be rewritten as

Θ̂UML = argmax
Θ

Nc∑

i=1

Tr
(

ŨT (h̃i)Rỹi
Ũ(h̃i)

)

, (4)

where

Ũ(h̃i) = W̃(h̃i)
(

W̃T (h̃i)W̃(h̃i)
)−1/2

∈ R
2LnR×M ′

,

is an orthogonal basis for the subspace spanned byW̃(h̃i),
andRỹi

= 1
N

∑N−1
n=0 ỹi[n]ỹT

i [n], is the finite sample es-
timate of the correlation matrix for the observations of the
i-th channel.

Let us analyze the asymptotic cases of absence of noise,
or perfect estimates of the correlation matricesRỹi

(N →
∞). In both cases, the right hand side term in (4) is bounded
by

Nc∑

i=1

Tr
(

ŨT (h̃i)Rỹi
Ũ(h̃i)

)

≤

Nc∑

i=1

Ei,

whereEi =
∑r

k=1 λi,k is the energy in the signal subspace
of Rỹi

, which is of rankr = min(N, M ′), andλi,k rep-
resents ther largest eigenvalues ofRỹi

. Therefore, the
UML decoder can be viewed as a subspace method which
amounts to maximize the energy of the projection of the ob-
servations (orempirical signal subspace) onto theparameter-
dependent signal subspacedefined by the equivalent chan-
nelsW̃(h̃i). Finally, it is clear that the above criterion is
maximized by the true MIMO channelsHi.

1This condition is satisfied by the most common STBCs.

3.2. Proposed Criterion (OSTBC Case)

Unfortunately, in a general situation the dependency ofŨ(h̃i)
with h̃i is not trivial, and the solutions of the unconstrained
blind ML decoder can not be obtained in closed-form. How-
ever, in the case of orthogonal STBCs (OSTBCs) [11] the
equivalent channels satisfỹWT (h̃i)W̃(h̃i) = ‖Hi‖

2IM ′

(∀Hi), which allows us to propose the following alternative
channel estimation criterion

Θ̂ = argmax
Θ

Nc∑

i=1

Tr
(

W̃T (h̃i)Rỹi
W̃(h̃i)

)

,

s.t.
Nc∑

i=1

‖W̃(h̃i)‖
2Ei = M ′. (5)

Here, it is interesting to point out that the energy constraint
not only avoids the trivial solution, but also ensures that in
the absence of noise, or under perfect estimates ofRỹi

Nc∑

i=1

Tr
(

W̃T (h̃i)Rỹi
W̃(h̃i)

)

≤

Nc∑

i=1

‖W̃(h̃i)‖
2

M ′
Ei = 1,

where the equality is attained,∀N ≥ 1, by the actual MIMO
channels, i.e., the theoretical solutions of the proposed cri-
terion are those of the UML decoder.

3.3. Extension to Non-Orthogonal STBCs

In the case of general STBCs, the orthogonality property
of the equivalent channels is not satisfied and the criterion
presented in the previous subsection can not be directly ap-
plied. However, we propose to maximize the projection
of theparameter-dependent signal subspacesonto theem-
pirical signal subspaces, which from a practical point of
view reduces to a prewhitening of the correlation matrices.
Specifically,Rỹi

is replaced in (5) by

Φỹi
=

Ei

r
Ũỹi

ŨT
ỹi

, i = 1, . . . , Nc,

whereŨỹi
ŨT

ỹi
are the projection matrices onto theempiri-

cal signal subspaces, andŨỹi
∈ R2LnR×r is obtained from

ther principal eigenvectors ofRỹi
.

Although it can be easily proven that, forN ≥ M ′, the
actual MIMO channels are solutions of the proposed crite-
rion, when the number of available blocks at the receiver
side isN < M ′, the proposed criterion is not necessarily
maximized by the true MIMO channels. This can be seen
as a consequence of two different factors: On the one hand,
the signal subspace is not completely defined by the obser-
vations, i.e., the sources are notpersistently exciting. On the
other, the non-orthogonality of the equivalent channels pro-
vokes spurious channel estimates trying to concentrate most
of the energy ofW̃(h̃i) into the directions defined by the
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rank-reducedempirical signal subspaces. However, when
Nc >> Lc there are not enough degrees of freedom to se-
lect the spurious MIMO channels and, as it will be shown
in the simulations section, this translates into very accurate
channel estimates even forN < M ′.

3.4. Practical Implementation

Unlike Ũ(h̃i), the dependency of̃W(h̃i) with respect tõhi

is explicitly given by (2), which allows us to rewrite (5) as

Θ̂ = argmax
Θ

Nc∑

i=1

h̃T
i Ξih̃i, s.t.

Nc∑

i=1

h̃T
i Ψih̃i = M ′,

whereΞi =
∑M ′

k=1 D̃T
k Φỹi

D̃k andΨi = Ei

∑M ′

k=1 D̃T
k D̃k.

Now, taking into account the channel model in (3), and

defining the vectorsθk = vec(Θk), θ̃k =
[

ℜ(θT
k ),ℑ(θT

k )
]T

andθ̃ =
[

θ̃
T

1 , . . . , θ̃
T

Lc

]

, the final channel estimation crite-

rion is

ˆ̃
θ = argmax

θ̃

θ̃
T
Ξθ̃, s.t. θ̃

T
Ψθ̃ = M ′,

whereΞ =
∑Nc

i=1 ΩT
i ΞiΩi, Ψ =

∑Nc

i=1 ΩT
i ΨiΩi, and the

matricesΩi are obtained from thei-th row (fT
i ) of F as

Ωi = ℜ(fT
i ) ⊗ I2nT nR

+ ℑ(fT
i ) ⊗

[
0 −InT nR

InT nR
0

]

.

Thus, the channel estimateˆ̃θ is obtained, up to a real scalar,
as the eigenvector associated to the largest eigenvalueβ of
the following generalized eigenvalue problem (GEV)

Ξ
ˆ̃θ = βΨ

ˆ̃θ. (6)

Finally, we must point out that the computational cost
of the proposed technique is dominated by the obtention
of the Nc matricesΦỹi

, which comes at a cost of order
O

(
Nc(LnR)3

)
, and the solution of the GEV in (6), whose

computational complexity isO
(
(LcnT nR)3

)
. Therefore,

the overall computational cost is linear in the number of sub-
carriers (or data block size), and in general is lower than that
associated to the subspace method in [7,8], which incurs in
a cost of orderO

(
(NcLnR)3

)
.

4. SIMULATION RESULTS

In this section the performance of the proposed technique
is compared with that of the receiver with perfect channel
knowledge by means of some numerical examples. We con-
sider QPSK signaling, MMSE decoding and two different
STBC-OFDM systems, although similar results have been

obtained for SFBC and time-reversal STBC systems. The
results have been obtained by averaging 1000 independent
experiments, in which the length of the Rayleigh MIMO
channels has been selected asLc = 4.

4.1. Results for Orthogonal Codes (OSTBCs)

In the first set of experiments we consider a system with
nT = 4 andnR = 2 using the OSTBC presented in Eq.
(7.4.10) of [11], whose parameters areM = 3 andL = 4
(R = 3/4). Fig. 1.a shows the bit error rate (BER) after
decoding for a system withNc = 64 subcarriers. As can
be seen, the proposed technique is able to extract the chan-
nel within onlyN = 1 available data-block at the receiver
(although the accuracy of the estimates increases withN ).
On the other hand, Fig. 1.b shows the simulation results for
N = 1, where we can see that, for a fixed channel length
Lc, the accuracy of the proposed technique also increases
with Nc.

4.2. Results for Non-Orthogonal Codes

The previous experiments have been repeated for a system
with nT = nR = 4 transmitting with the quasi-orthogonal
STBC (QSTBC) proposed in [12] (M = L = 4). Here,
in order to avoid the identifiability problems pointed out in
[1, 13], we have applied the non-redundant precoding tech-
nique proposed in [14], i.e., the STBC transmission matri-
ces associated to the subcarriers have been rotated by means
of different orthogonal matrices. The results are shown in
Fig. 2, where we can see that, forN < M ′, there exists a
noise floor due to the errors in the channel estimate. How-
ever, as can be seen in Fig. 2.b, this floor does not only
decreases with the number of data blocks, but also with the
number of subcarriers (or data block size)Nc. In conclu-
sion, for a sufficiently large number of available blocks or
subcarriers, the performance of the proposed technique is
close to that of the receiver with perfect channel knowledge.

5. CONCLUSIONS

In this paper we have proposed a new blind channel estima-
tion technique for frequency selective channels under space-
time block coded transmissions. The proposed method is
solely based on the second-order statistics (SOS) of the re-
ceived signals, and therefore it is independent of the spe-
cific signal constellation and can be directly applied when
the information symbols are precoded to exploit the mul-
tipath diversity. Unlike previous approaches, the proposed
method is able to recover the channel within a few received
data blocks, and its computational complexity is linear in
the number of subcarriers or data block size. Finally, the
performance of the proposed technique has been illustrated
by means of some numerical examples.
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Clairvoyant MMSE
Blind (Nc=32)
Blind (Nc=64)
Blind (Nc=128)

Clairvoyant MMSE
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Fig. 1. Performance of the proposed technique in the OS-
TBC case.nT = 4, nR = 2, M = 3, L = 4, Lc = 4. a)
BER vs. SNR forNc = 64. b) BER vs. SNR forN = 1.
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