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ABSTRACT

This paper considers the problem of joint blind source separation
(J-BSS), which appears in many practical problems such as blind
deconvolution or functional magnetic resonance imaging (fMRI).
In particular, we establish the necessary and sufficient conditions
for the solution of the J-BSS problem by exclusively exploiting the
second-order statistics (SOS) of the observations. The identifiability
analysis is based on the idea of equivalently distributed sets of latent
variables, that is, latent variables with covariance matrices related
by means of a diagonal matrix. Interestingly, the identifiability anal-
ysis also allows us to introduce a measure of the identifiability de-
gree based on Kullback-Leibler projections. This measure is clearly
correlated with the performance of practical SOS-based J-BSS algo-
rithms, which is illustrated by means of numerical examples.

Index Terms— Joint blind source separation (J-BSS), indepen-
dent vector analysis (IVA), second-order statistics, identifiability.

1. INTRODUCTION

The problem of joint blind source separation (J-BSS) arises in many
practical applications such as functional magnetic resonance imag-
ing (fMRI) [1], or analysis of transformed data in multiple frequency
bins. A fundamental J-BSS criterion consists in independent vector
analysis (IVA) [1–3], which represents each data set as a linear com-
bination of independent latent variables. Thus, although the data
model for a single data set is identical to the ICA model [4], the ex-
istence of dependencies among the latent variables of different data
sets establishes the key difference between IVA and ICA.

Interestingly, in [1] the authors have shown that the J-BSS prob-
lem can be solved by means of a practical algorithm based on the
multiset extension of canonical correlation analysis (CCA) [5–8].
That is, the J-BSS problem can be solved by exclusively exploiting
the second-order statistics (SOS) of the observations. However, the
rigorous identifiability analysis of the J-BSS problem is still missing,
and it constitutes the main goal of this work.

The main result of this paper consists in the derivation of the nec-
essary and sufficient conditions for the solution of the J-BSS prob-
lem from the SOS of the observations. The result is based on the
concept of equivalently distributed sets of latent variables, i.e., sets
of latent variables with SOS (covariance matrices) related by means
of a diagonal matrix (individual complex scale factors). Interest-
ingly, the identifiability result also allows us to introduce a mea-
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sure of the identifiability degree of a set of latent variables. This
measure is based on the Kullback-Leibler divergence between zero-
mean multivariate Gaussian distributions, and we show, by means of
simulations, that the proposed measure is highly correlated with the
practical performance of SOS-based J-BSS algorithms.

2. NOTATION AND J-BSS DATA MODEL

In this paper we use bold-faced upper case letters to denote matri-
ces, bold-faced lower case letters for column vectors, and light-faced
lower case letters for scalar quantities. Superscripts (·)∗, (·)T and
(·)H denote complex conjugate, transpose and Hermitian, respec-
tively. The notation A ∈ C

n×m denotes that A is a n × m matrix
with complex entries. The absolute value and argument of the com-
plex number a are denoted as |a| and arg(a), respectively. The trace
and determinant of a matrix A are denoted as Tr(A) and det(A).
The diagonal matrix with vector a along its diagonal is denoted by
diag(a), In is the identity matrix of dimension n, and 0n×m is the
n × m zero matrix. Finally, the Kronecker product is denoted by
⊗, E is the expectation operator, and in general Ra,b is the cross-
correlation matrix for vectors a and b, i.e., Ra,b = EabH .

2.1. J-BSS Data Model

Consider M data sets (vector observations) xm ∈ C
K×1 given by

xm = Amsm, m = 1, . . . ,M,

where Am ∈ C
K×K are unknown non-singular mixing matrices,1

and sm ∈ C
K×1 are the unknown source vectors (or latent vari-

ables), which are modeled as zero-mean proper complex random
vectors.

The goal of J-BSS consists in recovering the sources sm and
mixing matrices Am from the observations xm (m = 1, . . . ,M ).
However, unlike traditional BSS approaches, J-BSS does not only
exploit the intra-set statistical relationships, but it considers the M
data sets as a whole, exploiting inter-set dependencies. Specifically,
the J-BSS model assumes that the entries in sm are independent, but
correlated with the entries in other source vectors [1]. Thus, the SOS
of the sources are

Rs,s = EssH =

⎡
⎢⎢⎢⎢⎣

Λ1,1 Λ1,2 . . . Λ1,M

Λ2,1 Λ2,2 . . .
...

...
. . .

. . .
...

ΛM,1 . . . . . . ΛM,M

⎤
⎥⎥⎥⎥⎦
,

1We assume square mixing matrices for notational simplicity. The results
in this paper can be easily extended to the over-determined case with full
column-rank mixing matrices.
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where Λm,n = EsmsHn ∈ C
K×K are diagonal matrices, and s =[

sT1 . . . sTM
]T

is defined as the concatenated source vector.
Analogously, the SOS of the observations are given by

Rx,x = ExxH = ARs,sA
H ,

where x =
[
xT
1 . . .xT

M

]T
is the concatenated observation vector,

and A ∈ C
KM×KM is the block diagonal mixing matrix

A =

⎡
⎢⎢⎢⎢⎣

A1 0K×K . . . 0K×K

0K×K A2 . . .
...

...
. . .

. . .
...

0K×K . . . . . . AM

⎤
⎥⎥⎥⎥⎦
.

Finally, we must note that our J-BSS data model does not as-
sume any particular ordering of the correlation values. That is, the
absolute values of the elements in the diagonal matrices Λm,n are
not necessarily in decreasing order. Therefore, the data model con-
sidered in this paper is more general than that in [1].

2.2. Reordered Model

Let us introduce a permutation in the concatenated source and ob-
servation vectors s and x as follows

x̃ = Px =
[
x̃T
1 , . . . , x̃

T
K

]T
, s̃ = Ps =

[
s̃T1 , . . . , s̃

T
K

]T
,

x̃k = [x1(k), . . . , xM (k)]T , s̃k = [s1(k), . . . , sM (k)]T ,

where P ∈ R
KM×KM is a permutation matrix, xm(k) denotes the

k-th element in xm, and sm(k) is defined in the same way. With
these definitions, the data model can be rewritten as

Rx̃,x̃ = ÃRs̃,s̃Ã
H ,

where

Rs̃,s̃ = PRs,sP
T =

⎡
⎢⎢⎢⎢⎣

Rs̃1,s̃1 0M×M . . . 0M×M

0M×M Rs̃2,s̃2

. . .
...

...
. . .

. . .
...

0M×M . . . . . . Rs̃K ,s̃K

⎤
⎥⎥⎥⎥⎦
,

contains the correlation matrices associated to each set of latent vari-
ables, and

Ã = PAPT =

⎡
⎢⎣
Ã1,1 . . . Ã1,K

...
. . .

...

ÃK,1 . . . ÃK,K

⎤
⎥⎦ ,

is a global mixing matrix with diagonal blocks given by

Ãi,j = diag ([a1(i, j), . . . , aM (i, j)]) ,

where am(i, j) denotes the entry in the i-th row and j-th column of
Am.

3. IDENTIFIABILITY ANALYSIS

In order to recover the sources s and mixing matrix A from the SOS
of the observations x, we need to exploit the particular structure of
the matrices A and Rs,s (equivalently Ã and Rs̃,s̃). That is, we are

looking for a pair of matrices Â, R̂s,s such that

Rx,x = ARs,sA
H = ÂR̂s,sÂ

H . (1)

3.1. Trivial Ambiguities

Before proceeding, we have to take into account two trivial ambigu-
ities inherent to the J-BSS model:

• Individual non-null scale factors for each of the source vec-
tors sm and mixing matrices Am.

• A common permutation matrix for all the source vectors sm
and mixing matrices Am.

In other words, for all permutation matrices Π ∈ R
K×K and

non-singular diagonal matrices Φm ∈ C
K×K , we have that the set

of matrices

Âm = AmΦmΠ, Λ̂m,n = ΠTΦ−1
m Λm,nΦ

−1
n Π,

are a solution of the J-BSS model. Thus, without loss of generality,
we can assume unit-variance sources (Λm,m = IK ), and using (1)
we have

ÂmÂH
m = AmAH

m, m = 1, . . . ,M,

which implies

Âm = AmQm, m = 1, . . . ,M,

and

Λm,n = QmΛ̂m,nQ
H
n , m, n = 1, . . . ,M, (2)

where Qm ∈ C
K×K are unitary matrices.

3.2. Identifiability Conditions

In this subsection, we establish the necessary and sufficient condi-
tions for the identifiability of the J-BSS model from SOS. In order
to simplify the presentation and proof of the main result, we will
consider non-null correlation values,2

λm,n(k) �= 0, ∀m,n, k,

where λm,n(k) is the k-th element in the diagonal of Λm,n.
Let us start by introducing the definition of equivalently dis-

tributed sets of latent variables.

Definition 1 Two sets of latent variables s̃k, s̃l are equivalently
distributed if and only if their correlation matrices are related as

Rs̃k,s̃k = ΨRs̃l,s̃lΨ
H ,

where Ψ ∈ C
M×M is a (non-singular) diagonal matrix.

The above definition is clearly related to the trivial ambiguity
consisting in individual scale factors of the mixing matrices and la-
tent variables, and it plays a key role in the identifiability analysis. In
particular, the necessary and sufficient identifiability conditions are
stated in the following theorem, whose proof is relegated to the next
subsection.

Theorem 1 (J-BSS Identifiability Conditions) Given the J-BSS
model xm = Amsm (m = 1, . . . ,M ), the sources and mixing
matrices can be recovered from the SOS of the observations up to
the trivial ambiguities and a non-trivial common mixture among the
equivalently distributed sets of latent variables.

2Similar identifiability conditions can be found in the case of vanishing
correlation values. However, this comes at the expense of a more complicated
notation.
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Theorem 1 establishes very mild identifiability conditions
which, as we will see in the simulations section, are satisfied with
probability one for randomly generated correlation matrices Rs̃k,s̃k .
Moreover, as a direct consequence of Theorem 1, we can say that
(all) the sources can be recovered using the SOS when no two sets of
latent variables are equivalently distributed. Finally, we must point
out that the identifiability conditions in this paper are less restrictive
than those of the particular J-BSS algorithm proposed in [1], even
though the model considered here is more general.

3.3. Proof of Theorem 1

Let us start by using (2) to write

Σm,n = QmΣ̂m,nQ
H
m, m, n = 1, . . . ,M, (3)

where Σm,n = Λm,nΛ
H
m,n and Σ̂m,n = Λ̂m,nΛ̂

H
m,n. Thus, the

above equation represents the eigenvalue decomposition (EVD) of
the real and diagonal matrix Σm,n, and the orthogonal eigenvectors
in Qm are unique up to complex scale factors, a permutation, and
rotations involving the eigenvectors associated with equal eigenval-
ues. Let us now consider that there are more than one non-null entry
in the i-th column of Qm, i.e., that there exists a pair of indices k, l
such that

qm(k, i) �= 0, qm(l, i) �= 0, (4)

where qm(k, i) is the element in the k-th row and i-th column of
Qm. Then, taking (3) into account, we can see that (4) implies

|λm,n(k)| = |λm,n(l)| = |λ̂m,n(k)| = |λ̂m,n(l)|, ∀n,

where λm,n(k) (respectively λ̂m,n(k)) is the k-th element in the

diagonal of Λm,n (resp. Λ̂m,n). Furthermore, taking into account
|λm,n(k)| = |λm,n(l)| �= 0, we can easily deduce from (2) that (4)
implies

qn(k, i) �= 0, qn(l, i) �= 0, ∀n,
which directly results in

|λm,n(k)| = |λm,n(l)| = |λ̂m,n(k)| = |λ̂m,n(l)|, ∀m,n.
(5)

Now, using (2), we can write

Λm,nΛn,p = QmΛ̂m,nΛ̂n,pQ
H
p , m, n, p = 1, . . . ,M,

and combining this equation with Λm,p = QmΛ̂m,pQ
H
p we get, for

m,n, p = 1, . . . ,M ,

Λm,nΛn,p +Λm,p = Qm

(
Λ̂m,nΛ̂n,p + Λ̂m,p

)
QH

p ,

Λm,nΛn,p + jΛm,p = Qm

(
Λ̂m,nΛ̂n,p + jΛ̂m,p

)
QH

p .

Thus, from the above equations we can deduce that (4) implies (for
all m,n, p)

|λm,n(k)λn,p(k) + λm,p(k)| = |λm,n(l)λn,p(l) + λm,p(l)|,
|λm,n(k)λn,p(k) + jλm,p(k)| = |λm,n(l)λn,p(l) + jλm,p(l)|,

which combined with (5) yields

λm,n(k)λn,p(k)λ
∗
m,p(k) = λm,n(l)λn,p(l)λ

∗
m,p(l),

or equivalently

λn,p(k) = ejθm,nλn,p(l)e
−jθm,p , m, n, p = 1, . . . ,M,

where θm,n = arg(λm,n(l))− arg(λm,n(k)).
Finally, taking into account the assumption of unit variance

sources, the above equation can be rewritten in a more compact way
as

Rs̃k,s̃k = ΨRs̃l,s̃lΨ
H ,

where, for m = 1, . . . ,M ,

Ψ = ejθmdiag
([

ejθm,1 , . . . , ejθm,M

])
,

and θm ∈ R represents an arbitrary change of phase.
Summarizing, we have proven that the existence of non-trivial

ambiguities relating s̃k and s̃l implies that these sets of latent vari-
ables are equivalently distributed. The proof of the converse is
straightforward. Consider P sets of equivalently distributed latent
variables. Then, the associated matrix Rs̃,s̃ can be written as

Rs̃,s̃ = Ψ̃ (IP ⊗Rs̃1,s̃1) Ψ̃
H ,

with

Ψ̃ =

⎡
⎢⎢⎢⎢⎣

IM 0M×M . . . 0M×M

0M×M Ψ2

. . .
...

...
. . .

. . .
...

0M×M . . . . . . ΨP

⎤
⎥⎥⎥⎥⎦
,

and Ψ2, . . . ,ΨP diagonal complex matrices. Therefore, introduc-
ing a mixing matrix

Ã = (B⊗ IM )Ψ̃−1,

with B ∈ C
P×P a non-singular matrix, it is easy to see that the

mixture ÃRs̃,s̃Ã
H results in a block-diagonal matrix satisfying the

J-BSS model. This means that we can not recover the sets of equiva-
lently distributed latent variables without exploiting some additional
properties of the sources or the mixing matrix.

4. SIMULATION EXAMPLE

The main result of the paper is illustrated in this section by means of
some numerical examples. In particular, we have considered circu-
lar complex Gaussian sources, which have been generated as s̃k =
Bkuk (k = 1, . . . ,K), where the entries in the vectors uk and ma-
trices Bk are i.i.d. circular complex Gaussian with zero mean and
unit variance. That is, the correlation matrices Rs̃k,s̃k ∈ C

M×M for
the sets of latent variables are complex Wishart. Analogously, the
entries in the mixing matrices Am ∈ C

K×K (m = 1, . . . ,M ) are
i.i.d. circular complex Gaussian with zero mean and unit variance.

In all the experiments we have used four-dimensional vectors
K = 4, and we have considered two different numbers of data sets
(M = 3 and M = 10). The J-BSS is performed by means of a
new algorithm based on the maximum likelihood estimation of the
mixing matrices Am in the case of Gaussian data.3 The J-BSS per-
formance measure is based on the residual mixture matrices

Em = Â−1
m Am, m = 1, . . . ,M,

where Âm and Am denote the estimated and actual mixing matrices.
In particular, after solving the permutation ambiguity, the residual
mixture measure between the k-th and l-th sets of latent variables is
defined as

Jk,l =
1

M

M∑
m=1

|Em(k, l)|2
|Em(k, k)|2 ,

3The details of the algorithm are not included here due to the lack of
space, but they will be reported in a future paper.
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Fig. 1. J-BSS example. M = 3 data sets with dimension K = 4.

where Em(k, l) is the entry in the k-th row and l-th column of Em.
That is, Jk,l represents the interference of s̃l in the estimated version
of s̃k.

On the other hand, the identifiability degree is measured by
means of the Kullback-Leibler (KL) divergence [9] between pairs of
sets of latent variables. In particular, we define

Ik,l = minimum
Ψ=diag([ψ1,...,ψM ])

DKL(Rs̃l,s̃l |ΨRs̃k,s̃kΨ),

where

DKL(R0|R1) = log
det(R1)

det(R0)
+ Tr

(
R−1

1 R0

)−M,

is the KL divergence between zero-mean circular complex Gaussian
distributions with covariance matrices R0 ∈ C

M×M and R1 ∈
C

M×M . This measure can be seen as the distance between Rs̃l,s̃l

and the closest (in the KL sense) ΨRs̃k,s̃kΨ. Obviously, Ik,l is
always nonnegative, and it is zero if and only if the sets of latent
variables s̃k, s̃l are equivalently distributed.

Figures 1 and 2 show the simulation results for M = 3 and
M = 10, different numbers (T ) of available observation vectors,
and 1000 independent experiments. As we can see, there exists a
clear correlation between the J-BSS performance Jk,l and the iden-
tifiability degree measured by Ik,l. That is, the identifiability result
in this paper also provides a measure of the expected J-BSS accu-
racy. Furthermore, as we could expect, the performance of the J-BSS
algorithm is improved by increasing the number of observations T
and/or the number of data sets M . Obviously, increasing T results
in more accurate estimates of the SOS, whereas increasing M makes
the set of latent variables less equivalently distributed, which is cor-
roborated by the different ranges of Ik,l values in the figures.

5. CONCLUSIONS

In this paper, we have derived the necessary and sufficient condi-
tions for joint blind source separation (J-BSS) from the second-order
statistics (SOS) of the observations. The main result in the paper
is based on the definition of equivalently distributed sets of latent
variables, which play a key role in the J-BSS identifiability analy-
sis. Moreover, the identifiability results also allow us to propose a

Fig. 2. J-BSS example. M = 10 data sets with dimension K = 4.

measure of the expected performance of practical J-BSS algorithms,
which has been illustrated by means of numerical examples.
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