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ABSTRACT

We address the problem of interference leakage (IL) minimization
in the K-user multiple-input multiple-output (MIMO) interference
channel (IC) assisted by a reconfigurable intelligent surface (RIS).
We describe an iterative algorithm based on block coordinate descent
to minimize the IL cost function. A reformulation of the problem
provides a geometric interpretation and shows interesting connec-
tions with envelope precoding and phase-only zero-forcing beam-
forming problems. As a result of this analysis, we derive a set of
necessary (but not sufficient) conditions for a phase-optimized RIS
to be able to perfectly cancel the interference on the K-user MIMO
IC.

Index Terms— Reconfigurable intelligent surface (RIS), inter-
ference channel, multiple-input multiple-output, interference leak-
age minimization

1. INTRODUCTION

The ability of reconfigurable intelligent surfaces (RISs) to reflect sig-
nals that can superimpose coherently at the desired receivers to boost
signal power, or can null interference at the unintended receivers,
has resulted in a wide range of applications for RIS-assisted wire-
less communication systems [1, 2, 3, 4, 5].

In this work, we consider interference channels (IC) assisted by
RIS, which have attracted much attention recently. In [6] the au-
thors study the degrees of freedom (DoF) of the K-user RIS-assisted
single-input single-output (SISO) IC with channel or symbol exten-
sions (time-varying channels). In [7] the authors characterize the
achievable rate region of a multiple-input single-output (MISO) in-
terference channel with K users where each user is assisted by one
RIS. In [8] the authors optimize the RIS to maximize the DoF of
the K-user MIMO IC, but they consider symbol extensions. In [9] a
weighted minimum mean square error (wMMSE) approach that ac-
counts for the mutual coupling among the RIS elements is used to
maximize the sum rate.

In this paper, we focus on the K-user multiple-input multiple-
output (MIMO) interference channel (IC) without symbol exten-
sions, where the RIS goal is to align, cancel, or neutralize the
interference. As a cost function, we consider the total interference
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power at all receivers, a cost function which is known in the inter-
ference alignment literature as interference leakage (IL) [10]. The
IL can be minimized by a joint design of the precoders/decoders and
the RIS, or by the RIS alone. We consider active RISs, for which
the amplitudes and phases can be independently optimized, and pas-
sive lossless RISs, for which only the phase shifts can be optimized
[6, 11]. We will refer to the latter simply as RIS. We show that,
under a mild condition on the number of RIS elements, an active
RIS can always perfectly cancel the interference (zero-IL) and the
problem has a simple closed-form solution. When only the phases
can be optimized, it is necessary to apply some iterative algorithm
to minimize IL. A reformulation of the IL minimization problem
in RIS-assisted systems provides a geometric interpretation of the
problem and shows interesting connections with envelope precoding
and phase-only zero-forcing beamforming problems [12],[13],[14].
As a result of this analysis, we derive a set of necessary (but not suf-
ficient) conditions for a phase-optimized RIS to be able to perfectly
cancel the interference on the K-user MIMO IC.

2. IL MINIMIZATION IN RIS-ASSISTED SYSTEMS

2.1. System Model

We consider a K-user MIMO interference channel assisted by a RIS
that facilitates or enables interference alignment (IA) [15] or inter-
ference neutralization [16]. The kth user has Tk transmit antennas,
Rk receive antennas and transmits dk data streams. According to the
commonly used notation, we denote the MIMO-IC in abbreviated
form as (Tk ×Rk, dk)

K . We focus on scenarios for which IA is not
feasible without the assistance of a RIS, meaning that it is not possi-
ble to perfectly cancel the interference at all unintended receivers by
optimizing only the precoders and the decoders [17]. The equivalent
MIMO channel from the lth transmitter to the kth receiver is

H̃lk = Hlk + FH
k ΘGl, (1)

where Hlk ∈ C
Rk×Tl is the (l, k) MIMO interference channel,

Gl ∈ C
M×Tl is the channel from the lth transmitter to the RIS,

Fk ∈ C
M×Rk is the channel from the RIS to the kth receiver, and

Θ = diag (r) is the M × M diagonal RIS matrix with diagonal

r = (r1, r2, . . . , rM )T , where |rm| and arg(rm) ∈ [−π, π) are the
amplitude and phase shift of the mth reflecting element.

2.2. IL cost function

The IL minimization problem is to find precoders Vl ∈ C
Tl×dl for

l = 1, . . . ,K; decoders Uk ∈ C
Rk×dk for k = 1, . . . ,K; and RIS



elements Θ = diag(r) that minimize the IL

IL({Vl}, {Uk},Θ) =
∑
l �=k

‖UH
k

(
Hlk + FH

k ΘGl

)
Vl‖2F , (2)

where each term of the sum is the squared Frobenius norm of the
equivalent MIMO interference channel from the lth transmitter to
the kth receiver in (1) after precoding and decoding.

The minimization of (2) may be carried out through a 3-step
alternating optimization process, where in each step a set of variables
(decoders, precoders, or RIS) is optimized while the other variables
are held fixed:

1. Optimize {Uk}Kk=1 for fixed ({Vl}Kl=1,Θ).

2. Optimize {Vl}Kl=1 for fixed ({Uk}Kk=1,Θ).

3. Optimize Θ for fixed ({Uk}Kk=1, {Vl}Kl=1).

Steps 1 and 2, which obtain the precoders and decoders that min-
imize the IL while keeping the elements of the RIS fixed, can be
solved by applying some of the existing methods [10, 18]. There-
fore, in this paper, we mainly focus on RIS optimization for fixed
precoders and decoders (Step 3 above). Let F̄k = FkUk be the
M × dk equivalent channel from the RIS to the receiver after de-
coding, let Ḡl = GlVl be the M × dl equivalent channel from the
transmitter to the RIS after precoding, and let H̄lk = UH

k HlkVl

be the dk × dl equivalent channel matrix after precoding-decoding.
Therefore, the IL as a function solely of the RIS elements is [2]

IL(Θ) =
∑

l �=k ‖H̄lk + F̄H
k ΘḠl‖2F

= tr(T) + rHΣr+ 2Re(rHs) (3)

where T =
∑

l �=k H̄
H
lkH̄lk, s =

∑
l �=k diag(F̄kH̄lkḠ

H
l ), and

Σ =
∑

l �=k F̄kF̄
H
k �(

ḠlḠ
H
l

)∗
(where � denotes Hadamard prod-

uct, (·)H denotes Hermitian, and (·)∗ denotes complex conjugate).

It is clear that QFk = F̄kF̄
H
k and QGl =

(
ḠlḠ

H
l

)∗
are, respec-

tively, rank-dk and rank-dl positive definite matrices (we assume
M > max(dk, dl) ∀k, l). Then, QFk � QGl is also a positive
semidefinite matrix of rank dkdl [19], and Σ =

∑
l �=k QFk �Q∗

Gl

has rank g =
∑

l �=k dkdl.
Let us assume that M > g, which is not a restrictive condition

since g is usually much smaller than the number of RIS elements.
Under this assumption, Σ is a rank-deficient semidefinite M × M
matrix with eigendecomposition

Σ =
[
Usignal Unoise

] [diag(λ1, . . . , λg) 0
0 0

] [
UH

signal

UH
noise

]
.

We will refer to Usignal ∈ C
M×g and Unoise ∈ C

M×(M−g) as the
signal and noise subspaces, respectively. Furthermore, we may write
Σ = UsignalΛUH

signal where Λ = diag(λ1, . . . , λg).

2.3. Minimum IL RIS

In this subsection, we consider the problem of optimizing the RIS
elements to minimize IL. We consider active and passive lossless
RISs. With an active RIS, it is possible to achieve zero interference
zero and the IL minimization problem has a simple closed-form so-
lution. When only the phases of the RIS can be optimized, it is
necessary to apply some iterative algorithm. In particular, we de-
scribe one based on an alternating optimization procedure, which is
guaranteed to converge to a stationary point.

2.3.1. Active RIS

For an active RIS, the IL can be completely canceled regardless of
the precoders and the decoders under the assumption M > g. From
the definition of s =

∑
l �=k diag(F̄kH̄lkḠ

H
l ), it follows that s ∈

colspan(Σ), and therefore the optimal unconstrained solution for
the RIS coefficients is

runc = −Σ� s = −UsignalΛ
−1UH

signal s = Usignal α,

where Σ� denotes the pseudoinverse of Σ and we have de-
fined the coordinates of runc in the signal subspace basis as
α = −Λ−1UH

signal s. Since ΣΣ� is a rank-g projection matrix
onto the signal subspace spanned by the columns of Usignal [20, pp.
389], and s ∈ colspan(Σ), it follows that

2Re(rHΣrunc) = −2Re(rHΣΣ� s) = −2Re(rHs).

Furthermore, it is easy to check that tr(T) = rHuncΣrunc. Then,
the IL cost function (3) may be rewritten as

IL(r) = (r− runc)
HΣ(r− runc),

and, clearly, the optimal unconstrained solution runc achieves
IL(runc) = 0.

Remark 1. Note that it is possible to enforce the constraint |rm| ≤
1, ∀m, or the constraint ‖r‖22 ≤ 1 as a regularized version of the un-
constrained solution −Usignal(Λ+ μI)−1UH

signal s, where μ ≥ 0 is
a positive regularization parameter that may be chosen via bisection
to enforce the required constraint.

2.3.2. Passive RIS with |rm| = 1

The solution for a RIS satisfying |rm| = 1, ∀m can be found by
solving the following problem

(P1) : min
r

(r− runc)
HΣ(r− runc)

s.t. |rm| = 1, ∀m. (4)

This is a unit-modulus quadratic programming problem. The func-
tion to be minimized is convex but the constraint is not. In the lit-
erature there are several algorithms to solve quadratic programming
problems like (4) [21, 2, 22, 14]. Next, we describe a block co-
ordinate descent method that is computationally efficient. At each
iteration, we fix all values of r except rm = ejθm . Denoting m̄ =
{1, . . . ,m − 1,m + 1, . . . ,M}, the IL as a function of rm can be
written as

IL(rm) = C + 2Re(r∗m(sm +ΣH
m̄rm̄)),

where C is a positive constant, Σm̄ denotes the mth column of Σ
with the mth element removed, and

rm̄ = (r1, . . . , rm−1, rm+1, . . . , rM )T .

The optimization problem is

min
rm

Re(r∗m(sm +ΣH
m̄rm̄))

s.t. |rm| = 1,

which has the following closed-form solution

θm = ∠
(
sm +ΣH

m̄rm̄
)
− π.

This algorithm belongs to the category of block coordinate descent
(BCD) methods. Since at each BCD step, the problem is univariate
(i.e., a single element of the RIS is updated at each step), and the
minimizer is unique, then its convergence to a stationary point is
guaranteed [23, 24].



3. ZERO-IL RIS

In this section, we address the feasibility problem to achieve zero
IL by using a passive RIS with |rm| = 1 for arbitrary precoders
and decoders. The following lemma, which summarizes the main
technical contribution of this work, gives a set of necessary (but not
sufficient) conditions for the existence of RIS that perfectly cancels
interference.

Lemma 1. Consider a RIS-assisted IC (Tk × Rk, dk)
K with arbi-

trary precoders and decoders. The RIS has M > g =
∑

l �=k dkdl
elements so that the unconstrained solution is runc = Usignal α.
Then, a set of necessary conditions for the existence of a passive
lossless or unit-modulus RIS that achieves zero IL is

αi ∈ Di, i = 1, . . . , g,

where each of the Di represents an annular region with known inner
and outer radii.

Proof. Since M > g any solution of P1 in (4) such that

r = runc +Unoise β = Usignal α+Unoise β (5)

does not modify the value of the cost function and, therefore, is a
solution that achieves zero-IL as well. In (5), α is a g × 1 com-
plex vector α = (α1, . . . , αg)

T , and β = (β1, . . . , βM−g)
T is a

(M−g)×1 complex vector. The feasibility problem amounts to an-
swer the following question: does there exist any r, or, equivalently,
any β ∈ C

(M−g)×1, such that the vector Usignal α + Unoise β has
unit-modulus components? To try to answer this question, the prob-
lem can be reformulated as follows. Let r = (ejθ1 , . . . , ejθM )T

be a vector with the RIS elements, and let U = [Usignal Unoise] =
[u1, . . . ,ug,ug+1, . . . ,uM ] be a basis obtained from the eigende-
composition of the rank-deficient matrix Σ. Premultiplying (5) by
any of the g basis vectors of Usignal, the following system of nonlin-
ear equations is formed

uH
i r =

M∑
m=1

u∗
i (m)ejθm = αi, i = 1, . . . , g, (6)

where αi = uH
i runc for i = 1, . . . , g, are known complex val-

ues, while the RIS phases θm for m = 1, . . . ,M , are unknown.
Note that if there exists a RIS satisfying (6), then the equations
UH

noise r = β are automatically satisfied with ‖β‖22 = M − ‖α‖22
due to the orthogonality between Usignal and Unoise. Therefore, for
fixed precoders and decoders, the RIS-assisted interference neutral-
ization problem amounts to finding phases θm for m = 1, . . . ,M
satisfying (6).

For notational convenience, we denote gi,m = |ui(m)|, φm =
θm − ∠ui(m) for m = 1, . . . ,M . Without loss of generality, we
assume that the moduli are sorted as gi,1 ≥ g2,m ≥ . . . ≥ gi,M .
Then, the zero-IL RIS feasibility problem is to determine whether
there exists a set of phases φm, m = 1, . . . ,M , satisfying

(P2) :

M∑
m=1

gi,mejφm = αi, i = 1, . . . , g. (7)

Given a vector (gi,1, . . . , gi,M ) in (7), it is possible to characterize
the region of the complex plane that can be reached by varying the
phases of the RIS. More formally, this set is defined as

Di =

{
M∑

m=1

gi,mejφm

∣∣∣∣φm ∈ [0, 2π), m = 1, . . .M

}
.

If αi ∈ Di then there are (possibly a continuum of) phases that
satisfy

∑M
m=1 gi,mejφm = αi. The region Di was first studied in

the context of a constant envelope precoding problem [25], where it
was shown that Di is a doughnut region given by

Di = {αi ∈ C | ri ≤ |αi| ≤ Ri} ,

where the outer radius is Ri =
∑M

m=1 gi,m. An explicit expression
for the radius of the inner circle was derived in [26]. Theorem 1 in
[26] shows that ri = max{gi,1 −∑M

m=2 gi,m, 0}. If the difference
is negative, the inner radius is zero and the doughnut region becomes
a disk of radius Ri. As a direct application of these results, Lemma
1 states that if any of the αi does not belong to its corresponding
region Di, then problem P2 in (7) is infeasible.

From another perspective, each of the equations in (7) can be inter-
preted as the equation of a polygon of known sides (gi,1, . . . , gi,M
, |αi|) in the complex plane. The question of whether it is possible or
not to form a polygon of given sides has been recently studied in the
context of envelope precoding [12, 13] and secure communications
through phase-only zero-forcing (ZF) beamforming [14]. Therefore,
it is possible to write an equivalent set of necessary conditions for the
feasibility of (7) based on whether it is possible to form a polygon
with each of the equations of the problem.

Remark 2. It may be illustrative to consider the simplest scenario
with M = 2 and g = 1 so that Σ is a rank-one 2 × 2 matrix.
The one-dimensional signal and noise subspaces of Σ are usignal

and unoise. This toy example could represent for example a SISO
cognitive radio scenario assisted by a RIS with just M = 2 elements
located near the primary receiver that tries to cancel the interference
produced by the secondary transmitter (there is a single interference
stream and hence g = 1). The unconstrained active RIS solution is
runc = usignal α. In addition, according to the notation introduced
in the paper g1 = |usignal(1)| and g2 = |usignal(2)|. The results of
this section specialize to M = 2 as follows. A necessary (and in this
case also sufficient) condition for the existence of a passive phase-
only RIS that perfectly cancels the interference is that α belongs to
the region

D = {α ∈ C | |g1 − g2| ≤ |α| ≤ g1 + g2} .
Alternatively, this condition amounts to saying that it is possible to
form a triangle with sides (g1, g2, |α|). Furthermore, it is easy to
show that in this case there are exactly two solutions to problem (4)
given by

r = usα+ un

√
2− |α|2ejθβ ,

where

θβ = ± cos−1

(
1− |a|2 − |b|2

2|a||b|
)
+ θa − θb,

where

|a|ejθa = αusignal(1),

|b|ejθb =
√

2− |α|2unoise(1).

4. SIMULATION RESULTS

We consider a (3× 3, 2)K MIMO-IC assisted by a RIS with M ele-
ments for K = 3 and K = 2 users. IA is infeasible for this network
without the assistance of a RIS, which is to say that it is not possible
to achieve zero-IL by optimizing only the precoders and decoders
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[17]. The coordinates (x, y, z) in meters of the three transmitters are
(0, 0, 2), (0, 25, 2), and (0, 50, 2); respectively. The receivers are lo-
cated at (50, 0, 2), (50, 25, 2), and (50, 50, 2). There is only one RIS
located at (40, 25, 15) (cf. Fig. 1). For K = 2 users, the link from
Tx2 to Rx2 in Fig. 1 is eliminated. The large-scale path loss in dB
is given by

PL = −30− 10β log10 (d) ,

where d is the link distance, and β is the path-loss exponent.
The direct Tx-Rx links, Hlk, are assumed to be non-line-of-sight
(NLOS) channels, with path-loss exponent β = 3.75 and small-scale
Rayleigh fading. The Tx-RIS-Rx links, Fk and Gl, are assumed to
be line-of-sight (LOS) channels, with path-loss exponent β = 2 and
small-scale Rice fading with Rician factor γ = 3. A more detailed
description of the system parameters can be found in [27].

Fig. 2 compares the sum-rates achieved in a RIS-assisted (3 ×
3, 2)3 MIMO IC by i) an active RIS with M = 25 elements, and
ii) a RIS with M = 100, M = 150 and M = 300 unit-modulus
elements. In this example, the precoders and decoders are unitary
random matrices. The curves have been obtained by averaging 1000
independent realizations of the MIMO IC. For this example, g =
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Fig. 3. Probability that problem P2 (cf. (7)) is feasible as a function
of the number of RIS elements.

∑
l �=k dkdl = 24, so an active RIS with M = 25 achieves IL = 0.

However, when only the phases are optimized, nearly M = 300
elements are needed to completely neutralize the interference and
thus extract all the DoF of the IC. The sum-rate vs. SNR curves
also implicitly reflect the IL performance of the different algorithms.
Those cases where the sum-rate curve tends to saturate (cases with
M = 100 and M = 150 in Fig. 2) indicate that the IL does not
converge to 0, the system attains 0 DoF, and IA is infeasible. Cases
with M = 300 or active RIS in Fig. 2 reach the maximum slope
(maximum number of DoFs), thus implicitly indicating that the IL
has converged to 0.

Fig. 3 studies the probability that a passive lossless RIS can
achieve zero IL (feasibility of problem P2 in (7)), as a function of
the number of RIS elements. For each channel realization, if the
IL after the optimization algorithm is less than 10−8, we declare the
problem feasible; otherwise, we declare it infeasible. Fig. 3 shows in
solid line the case where only the RIS phases are optimized (random
precoders and decoders are applied in this case) and in dashed line
the case where the precoders, decoders, and RIS are optimized to
minimize the IL. Clearly, when the precoders and decoders are also
optimized, the number of RIS elements required to achieve zero-IL
decreases significantly. When only the RIS phases are optimized, a
RIS with M ≥ 150 element achieves zero-IL with high probability
for K = 2, while for K = 3 M ≥ 300 elements are needed to
completely cancel the interference.

5. CONCLUSIONS

The problem of achieving zero interference leakage (i.e., achiev-
ing perfect interference cancellation) in a RIS-assisted interference
channel admits a geometrical interpretation that connects it with en-
velope precoding and phase-only zero-forcing problems. This, in
turn, allows us to derive a set of necessary conditions for the feasibil-
ity of the problem. Our simulations show that, when the number of
RIS elements is sufficiently high, it is possible with a high probabil-
ity to perfectly cancel or neutralize the interference at all receivers.
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